Investigating many-body localization (MBL) using exact numerical methods is limited by the exponential growth of the Hilbert space. However, localized eigenstates display multifractality and only extend over a vanishing fraction of the Hilbert space. Here, building on this remarkable property, we develop a simple yet efficient decimation scheme to discard the irrelevant parts of the Hilbert space of the random-field Heisenberg chain. This leads to an Hilbert space fragmentation in small clusters, allowing to access larger systems at strong disorder. The MBL transition is quantitatively predicted, together with a geometrical interpretation of MBL multifractality.
Introduction-Many-Body localization (MBL) is one of the most intriguing phenomena of condensed matter physics [1] [2] [3] . While being the natural extension of the celebrated Anderson localization problem to interacting particles, it appears to be conceptually much more difficult to grasp, as compared to its non-interacting counterpart [4] . Nonetheless, during the past decade an impressively wide amount of theoretical works (for recent reviews, see [5] [6] [7] [8] ) and a few experimental studies [9] [10] [11] [12] have explored the very peculiar properties of MBL physics. It is now well admitted [13] [14] [15] [16] [17] [18] [19] [20] that in one dimension, a large class of quantum interacting systems displays a disorder-induced dynamical transition at high energy between two radically different regimes. At low disorder, high-energy eigenstates are ergodic and thermal in the sense that they obey the eigenstate thermalization hypothesis (ETH) [21, 22] , they display high (volumelaw) entanglement [16, 23, 24] , and are fully ergodic in the Hilbert space (HS) [25] . Conversely, at strong disorder ETH fails, all eigenstates are only area-law entangled [26] (a property usually restricted to ground-states [27, 28] ), and a generic HS multifractality is observed [25] . More precisely, for a given N -dimensional HS, MBL eigenstates only spans a vanishing fraction of it ∼ N D , with D < 1 [16, 25, 29] .
This potentially huge reduction of the support of many-body localized eigenstates, as compared to the full HS, calls for the development of a controlled decimation scheme in order to efficiently discard the irrelevant part of the HS, thus promising a potentially significant computational gain in our description of MBL physics. Furthermore, besides such numerical considerations, a better understanding of the very structure of the HS is conceptually of prime interest. Indeed, as we show in this Letter, the MBL phenomenon is rooted in a fragmentation of HS. Some related ideas, very recently raised for disorder-free dipole-conserving Hamiltonians [30, 31] , have been also promoted by Roy, Logan and Chalker (RLC) [32, 33] who explored the analogy between the MBL transition and a HS percolation scenario.
Here we wish to go further by building an HS decimation scheme [34, 35] combined with state-of-the-art exact diagonalization (ED) techniques [36] . This leads to the following main result: at strong disorder an MBL Hamiltonian can be practically studied on a vanishing fraction of the original HS, thus allowing an improvement in the accessible system sizes. Surprisingly, one can even quantitatively capture the MBL transition although this decimation framework is approximate by nature. We further provide a quantitative study of the HS fragmentation by analyzing the disorder-induced development of disconnected HS clusters whose scaling can be directly related to the multifractal dimensions [25] . However, our analysis refutes the analogy with a percolation scenario, contrasting with RLC [32, 33] .
Model-We start with the well-studied randomfield Heisenberg spin-1 2 ring, described by
where h i is drawn from a uniform distribution in [−h, h]. The total magnetization being conserved, we choose the largest subspace of zero magnetization, i S z i = 0, of size N = L L/2 ≈ 2 L / √ L. This model exhibits a MBL transition at h c ∼ 3.7 [16] in the middle of the spectrum.
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Eq. (1) can be mapped onto a tight-binding single particle problem [25, 37, 38] on a high-dimensional lattice built out of its basis states
where the spin configuration basis {|j } j=1,..., N is the local projection of S z i , e.g. |↑↓↑↓ · · · z and all its combinations. The first diagonal term in Eq. (2) is an on-site inhomogeneous potential built from interactions and random fields: µ j = j| i S z i S z i+1 + h i S z i |j , while the second term stands for a constant hopping t = 1/2 between neighboring spin configurations connected by transverse spin couplings S x i S x i+1 + S y i S y i+1 . In this form, H is nothing but the adjacency matrix of a complex graph whose vertices j are basis states, weighted by µ j and connected by edges of constant strength t = 1/2. The vertex degree, determined by the number of flippable spin pairs ↑↓ of the corresponding basis state |j , is given on average by z = (L + 1)/2 and its distribution approaches a gaussian of variance ∝ L. For finite disorder strength h, on-site energies µ j have a normal distribution of variance σ 2 µ ≈ ah 2 L [39] . The fact that the ratio between the mean degree z ∼ L and the effective disorder strength σ µ ∼ h √ L diverges in the limit of infinite system size excludes a genuine Anderson localization in this configuration space. Instead, and contrary to random graphs with fixed connectivity [40, 41] , here a multifractal regime takes over in the MBL regime above h c , where only a subextensive part of the HS is exploited [16, 25, 29] .
Decimation and Hilbert space fragmentation-In order to take advantage, and somehow cure such an "underutilization" of HS degrees of freedom, we introduce a decimation scheme, directly acting on Eq. (2). This procedure uses the structure of resonances in the tight-binding problem to discard the trivial information that is encoded in the HS in the localized phase. We first note that the locator expansion for the resolvent [42, 43] 
where E is the energy and Σ E j is the self-energy of site j, is convergent in the localized phase. We are interested in the largest terms in this expansion, which make Eq. (3) diverge, signalling delocalization. If we consider E = 0 (at the center of the spectrum) and neglect the selfenergy, the product in Eq. (3) are of the type t/µ j . Thus, the ones that could contribute to the divergence of the series are those for which |t/µ j | 1. We consider the following decimation procedure: out of all the vertices in the graph generated by H, we keep only the ones whose corresponding contribution in Eq. (3) is |t/µ j | 1; namely, fixing an O(1) cutoff value Λ > t, we keep the vertices j whose weight is |µ j | < Λ. All vertices not satisfying this condition are discarded, as well as all edges connected to them. This removes the sites and paths that are not resonant. The adjacency matrix of the remaining subgraph thus defines the decimated Hamiltonian H Λ of size N Λ × N Λ . In contrast with Monthus and Garel [35] , our approach neglects the renormalization of on-site energies, which is justified in the strong disorder limit. Furthermore, we also neglect the renormalization of hoppings, thus restraining the proliferation of new weak bonds. As recently discussed for the Anderson localization transition and the high-dimensional limit [44] the generation of such very small hoppings appears to be irrelevant at strong disorder, a rationale further justified here by the growing ∝ L connectivity and the constant hopping t = 1/2 of the model.
The average fraction of surviving vertices in H Λ depends on both the disorder strength h and the cutoff Λ. Taking advantage of the normal distribution for the onsite energies µ i , at large enough L it is readily given by
with b ≈ 2.78. From this scaling we immediately envision the potential numerical gain at strong disorder, with an effective HS size N Λ reduced by a factor ∝ h √ L, albeit the dominant 2 L scaling remains. However, a closer inspection of the decimated HS geometry reveals a much more interesting effect: while a giant percolating cluster exists at low disorder, H Λ gets fragmented in disconnected components at high disorder (schematized in Fig. 1 ), as also observed by RLC [32, 33] . There, it was claimed that this fragmentation is linked to a classical percolation transition in configuration space which should signal the MBL transition.
Conversely here we find that this clusterization is a non-universal process, which depends on the cutoff value Λ. We first focus on the largest cluster C L which is identified after the enumeration of all components in H Λ , for various spin chain sizes, up to L = 28, corresponding to an original HS of size N ∼ 4 × 10 7 [45] . Its disorderaverage size N CL is shown in Fig. 2 (a) for various values of disorder strength and a cutoff Λ = 1. We observe a clear power-law scaling with N Λ :
where the exponent D Λ,h ≤ 1 has a non-trivial Λ and hdependence, shown in the inset of Fig. 2 (a) . Indeed, the pseudo-critical disorder h * for which D < 1, signalling the fragmentation, clearly depends on Λ, thus excluding a universal percolation scenario [32, 33] . Nevertheless, at strong disorder one finds a power-law decay with β L ≈ 0.75 for Λ = 1, 2.
In order to substantially reduce the high computational cost of the cluster enumeration, we apply another scheme to analyze the clusterization. For each disordered sample we pick up a 'random' cluster, C R , chosen in the following way: we consider the set of vertices with highest degree in H Λ and select one vertex randomly; we then consider the component to which the selected vertex belongs to. The average size N CR is shown in Fig. 2 (b) where one also observes a power-law behavior vs. N Λ , Eq. (5). Here the exponent D Λ,h shows a similar nontrivial Λ and h-dependence, as displayed in the inset of Fig. 2 (b) with a decay at strong disorder Eq. (6) occuring with a different exponent β R ≈ 1. Nevertheless, the departure from D = 1 also depends on Λ, showing no evidence of the MBL transition.
At this stage, it is useful to make a link with recent ED results obtained for the multifractal scalings in the MBL regime [25] , where it was found that MBL eigenstates are supported by only a sub-extensive portion of the configuration space ∝ N DMBL with D MBL ∼ 1/h at strong disorder. Here, our decimation scheme reaches similar conclusions: the sub-extensive HS portion is understood as an HS fragmentation. It is quite natural to foresee that random clusters will be more representative and typical, as compared to the largest one which rather captures rare events. Interestingly, the strong disorder decay of the fractal dimension D Λ,h of C R follows Eq. (6) with an exponent β R ≈ 1, in agreement with D MBL . This result gives a striking geometrical interpretation of the MBL eigenstate multifractality observed in Ref [25] .
Exact diagonalization of random clusters-To go beyond these geometrical considerations, we aim at exploring in more details the microscopic behavior of eigenstates on such random clusters. Taking advantage of the reduced HS size at high disorder, larger system sizes (as compared to the state-of-the-art [36] ) can be accessed numerically by applying the shift-invert ED method [16, 36] on the corresponding matrices H Λ and H CR . In order to explore the wave functions properties, we compute the participation entropy, defined for an eigenstate |Ψ in the spin basis {|j } by
where p j = | j|Ψ | 2 is the probability of occupation for each state |j . ED data, obtained for a decimation cutoff Λ = 1, are averaged over many samples (10 4 realizations for L ≤ 18, 10 3 for 18 < L ≤ 26, 500 for L = 28) and a few eigenstates in the middle of the spectrum. Following recent results [16, 25, 29] , we expect S P to grow as D ln N Λ , with D = 1 in the delocalized phase, and D ∼ 1/h deep in the MBL regime [25] . In Fig. 3 we show S P , rescaled by ln N Λ , as a function of disorder for two cases: (a) the full decimated Hamiltonian H Λ , and (b) for random clusters H CR . The results reproduce the expected behavior [25] in the MBL regime with the correct h −1 dependence, but also near the transition and in the delocalized phase. In addition, the MBL transition can be estimated almost quantitatively by the crossing of the data close to h c ∼ 4, in quite good agreement with the best ED estimates [16, 25] . It is worth noting how- We find that MBL eigenstates properties are well captured by our decimation scheme. Indeed, removing a vertex j in the graph is equivalent to impose a vanishing wavefunction amplitude on the corresponding configuration basis state |j . While not exact, this turns out to reproduce fairly faithfully the microscopic structure of eigenstates in the MBL regime, as well as close to the critical point. On the other hand, the properties of the energy spectrum, e.g. the level statistics, are very sensitive to the HS fragmentation which induces a block structure in H Λ , leading to an emergent integrability. Therefore, one would observe the appearance of a Poisson distribution for the energy gaps at a non-universal, cutoff-dependent, pseudo-critical disorder h * (Λ), as observed in the insets of Fig. 2 for D.
Spin freezing effect-One can try to make a link between our HS decimation scheme and random field configurations in real space. At strong disorder, some sites experience very strong fields h i such that spins get almost fully polarized. In Ref. [25] , multifractality of the MBL regime was interpreted through this real-space spin freezing effect, with a density of frozen and active sites: ρ active = 1 − ρ frozen ∼ h −1 at large h, yielding a h −1 multifractal dimension. Here, we can alternatively define for each random cluster an active fraction
which quantifies the density of real-space sites for which basis states in C R can effectively fluctuate between ↑ and ↓. In Fig. 4 we show ρ active as a function of h which, as expected decays at large h, but ∝ 1/ √ h, contrasting with the multifractal dimension behavior (Fig. 2 (b) and Ref. [25] ). As a matter of fact, there is no simple relation between the HS fragmentation observed in our decimation scheme, based on on-site energies of the effective tight-binding model Eq. (2), and real-space freezing induced by strong random fields. Conclusions-In this work, we have proposed a simple yet efficient decimation scheme to address the MBL problem, working directly in the spin configuration basis of the random-field Heisenberg chain. Naturally designed for strong disorder, this approach is able to give quantitative results in the MBL regime, and can even capture the transition. A simple picture of HS fragmentation emerges for the MBL regime, thus providing a straightforward geometrical interpretation to the eigenstate multifractality, and ruling out a percolation scenario [32, 33] . From a technical point of view, we have illustrated the feasibility and the efficiency of the method up to L = 28 (i.e. a gain of one order of magnitude for the HS size as compared to standard ED [36] ), but this approach can be further improved to reach larger systems at strong disorder. This opens an avenue to investigate the existence MBL in two dimensions [11, [46] [47] [48] [49] [50] .
